Starting from the energy-momentum of matter and gravitational field in the framework of General Relativity and Teleparallel Gravity, we obtain the energy-momentum complex in flat FRW spacetime. We show that the complex vanishes at background level considering the various prescriptions, that is the Einstein, Møller, Landau-Lifshitz and Bergmann ones. On the other hand, at level of linear cosmological perturbations, the energy-momentum complex is different from zero and coincides in the various prescriptions. Finally, we evaluate the gravitational energy for different cosmological epochs governed by non-relativistic matter, radiation, inflationary scalar fields and cosmological constant.
I. INTRODUCTION
Since the beginning of general relativity (GR), gravitational energy and its localization in curved spacetime has been one of the most controversial concepts in dealing with gravitational field. In general, the local conservation equation of matter energy-momentum is not valid in curved spacetime, i.e. T µ ν ,µ = 0. To construct the local conservation equation, gravitational energymomentum contribution is required. Einstein [1] was known as the first one who suggested energy-momentum pseudotensor. Misner et al. [2] proved that only the energy of a spherical system is localizable. Cooperstock et al. [3, 4] argued that if energy of a spherical system is localizable, then the energy of any system can be localized. Then, Bondi [5] proved that non-localized energy is not allowed in GR. Following the Einstein pseudotensor, other prescriptions were developed; e.g. by Møller [6] , Landau-Lifshitz [7] , Papapetrou [8] , Bergmann [9] , Tolman [10] , Weinberg [11] , and so on. All the calculations, except for the Møller prescription, must be carried out in Cartesian coordinates, and despite the other forms of energy-momentum, gravitational energy-momentum prescriptions are non-tensorial.
After the studies on the energy-momentum localization by Virbhadra et al. [12] , this problem took again much attention. These Authors investigated various prescriptions and showed that they coincide in some cases. Chang et al. [13] argued that energy-momentum complex (EMC) can be associated to different Hamiltonian terms. The EMC is described by an antisymmetric super- * h.abedi@ut.ac.ir † amabasi@khayam.ut.ac.ir ‡ capozziello@na.infn.it potential, i.e.
µ ,α .
Consequently, the divergence of EMC vanishes, i.e. τ ν µ ,ν = 0. Furthermore, an arbitrary antisymmetric quantity can be added to the super-potential H
[να] µ ; it does not affect the conservation of the EMC τ ν µ . Several attempts have been made to evaluate the total energy of the universe. It was shown that the EMC results in vanishing energy for open and closed FriedmannRobertson-Walker (FRW) universe [14] [15] [16] [17] . Most of this considerations can be reported in other formulations of gravitational field as teleparallelism.
The teleparallel description of gravity was introduced by Einstein in 1928 [18] . Teleparallel Gravity, which is a theory equivalent to GR with the same field equations, that is the Teleparallel Equivalent General Relativity (TEGR) can be used to define the gravitational energy [19] . The TEGR formulation uses the Weitzenböck connection which leads to dynamics without curvature R, but with torsion T . Analogous to GR, various energymomentum prescriptions in TEGR have been proposed. We have to notice that the Teleparallel version of EMC leads to the same results in many cases [20] . The energy of the universe was also evaluated in TEGR [21] . The energy localization problem has also been considered in modified theories of gravity. In Ref. [22] , it is investigated the possibility to extend the Landau-Lifshitz complex to f (R) gravity for the Schwarzschild-de Sitter universe. Other modified prescriptions were developed in f (T ) theory [23] [24] [25] and in general higher-order theories of gravity [26] [27] [28] [29] .
In this paper, we will consider the problem of gravitational energy-momentum complex for GR and TEGR in the case of cosmology.
This study is organized as follows; In section II we briefly review the energy-momentum distribution due to matter (all non-gravitational fields) and fields including gravity. Considering Friedmann-Robertson-Walker (FRW) flat background spacetime in section III, we explore the energy density complexes. We use various EMC in GR and TEGR, i.e. Einstein, Møller, Landau-Lifshitz and Bergmann prescriptions. The cosmological principle asserts that the universe is homogeneous and isotropic on large scales. However, at smaller scales, perturbations should be considered. Writing the energy expressions in linear perturbations, we show an interesting coincidence between the prescriptions. In our knowledge, such expression never appeared in literature. Finally, we obtain the energy in various epochs including inflation, radiation, non-relativistic matter and cosmological constant-dominated epochs. We summarize the results in section IV. Throughout this work, we use different indices: the Greek indices, i.e.
µ, ν, α, · · · = 0, 1, 2, 3, are adopted for the spacetime; the capital Latin indices, i.e. A, B, C, · · · = 0, 1, 2, 3, are for the tangent spacetime; for their related spatial indices, we use i, j, k, · · · = 1, 2, 3 and a, b, c, · · · = 1, 2, 3, respectively. We set the Planck mass M 2 pl = 1 and the signature (−, +, +, +).
II. THE ENERGY-MOMENTUM COMPLEX
EMC in Einstein, Landau-Lifshitz, BergmannThompson and Møller prescriptions, in the framework of GR, are shown in Table I . In this table, EMC is defined, in the Einstein prescription, as
where t ν µ and T ν µ are the energy-momentum related to the gravitation and matter, respectively. We can consider the conformal transformation
where the hat denotes quantities in the new frame and Ω(x α ) is the conformal factor. One can obtain the effect of conformal transformation on the EMC, e.g. Einstein prescription transforms as follows:
.
Then, for time dependent conformal transformation Ω = Ω(t), we have:
In TEGR approach, the metric can be written as 
This connection leads to vanishing curvature tensor and non-vanishing torsion tensor. The tensor and scalar torsion, respectively, are given by:
where ∇ µ is the covariant derivative defined by the LeviCivita connection and;
is a skew-symmetric tensor in its last two indices. Analogous to EMC in GR, teleparallel versions can be developed, see Table II . The vierbein fields under conformal transformation change as follows:
One can obtain the effect of conformal transformation on EMC in TEGR. Under conformal transformation we also haveT
Consequently, we can relate the Einstein complex in teleparallel formulation in two frames bŷ
Then similar to Eq. (5), we haveĥÊ 0 0 = Ω 2 hE 0 0 for time dependent conformal factor. The same results are valid for all considered prescriptions in GR and TEGR. Notice that the conservation of EMC is due to antisymmetric property of super-potential, and this property is invariant under conformal transformation. Then, in general for all these prescriptions in GR and TEGR, we can conclude
In obtaining the local conservation of EMC, it is standard to use conservation of matter energy-momentum tensor, i.e. ∇ µ T µ ν = 0. In general, this equation does not remain valid under conformal transformation [30] , i.e.
prescription Energy-Momentum pseudotensor conservation law Einstein [6] Θ
. Energy-Momentum prescriptions in GR.
prescription Energy-Momentum pseudotensor conservation law Einstein [15] hE
Møller [31] hM
TABLE II. Energy-Momentum prescriptions in TEGR
Therefore, for any non-trace-free energy-momentum tensor,∇ µT µ ν = 0. Because of this fact, the conformal transformation affects both gravitation and matter, and the conservation ∂ µ (hτ µ ν ) = 0 is valid in both frames.
III. THE PROBLEM OF ENERGY IN THE FRW SPACETIME
Let us consider now a FRW background spacetime with the following line-element
where a(τ ) is scale factor and τ is the conformal time related to cosmic time t by dτ = dt/a. The gravitational energy is expected to vanish for a Minkowski spacetime. Using Eq. (5), the energy also vanishes for FRW spacetimes. The Lagrangians of GR and TEGR differ by a boundary term, therefore they give rise to the same field equations. Considering the cosmological case, the background field equations are
where H := a ′ /a is the comoving Hubble parameter, the prime indicates derivatives with respect to the conformal time τ ; ρ and p are the energy and momentum densities (pressure) of the matter fields, respectively. It is also useful to write the following equation
where, w := p/ρ is the equation of state. Integrating Eq. (19) for a constant w, we get
If we apply the various EMC prescriptions to the FRW background, the energy complexes vanishes in all cases. We can define linear scalar perturbations on the flat FRW spacetime, in conformal Newtonian gauge, as
where Ψ and Φ are the Bardeen potentials, that is the first order perturbations. The vierbein fields related to the line element (21) are given by appear in metric. The inverse vierbein fields get the following form
We have also 
where
Notice also that the energy complexes are proportional to the Ricci scalar of 3-space, (3) R = 4△Φ/a 2 . The scalar part of matter energymomentum tensor is
where δρ and δp are perturbations in energy density and pressure, respectively. The terms δu and Π are the potential velocity and the scalar part of the anisotropic stress. At first order of perturbations, the Einstein equations are
The last equation results in (see also [35] )
Møller energy in GR and TEGR are related by
Therefore, GR version of Møller energy complex would get a different value in presence of anisotropic pressure.
Hereafter, we consider the anisotropic part of energymomentum tensor vanishing, i.e. Π = 0, so Ψ = Φ. All prescriptions are, therefore, proportional to △Φ. 
In what follows we will evaluate explicitly the gravitational energy of the universe assuming various matter contents. We shall use the following component of the EMC
Then, using Eq. (28), the gravitational energy becomes
where H =ȧ/a and dot refers to the derivative with respect to cosmic time t.
A. Non-relativistic matter dominated epoch Consider the universe is dominated by pressureless, non-relativistic matter. The background matter energy density is ρ ∝ a −3 , then the scale factor and the comoving Hubble expansion rate become
Considering the background quantities, Eq. (35) reduces to
This equation is scale independent. The solution is of the form
where c 1 and c 2 are integration constants that can be written by the initial value of the potential. As we can see, the decaying mode disappears rapidly and the potential gets a time-independent value. Finally, we have Fig. 1 shows evolution of the gravitational energy and Bardeen potential in matter dominated universe. 
B. Radiation dominated epoch
Now if we consider radiation dominated era with ρ ∝ a −4 , we get
Then Eq. (35) gets the following form
Despite the matter dominated epoch, Eq. (43) depends on scales (k-dependence). Defining u := τ Φ, the potential Eq. (43) gets the form of a spherical Bessel equation,
where l = 1 and y = kτ / √ 3. Then the solution is
The function n 1 (x) diverges for small x, therefore c 2 = 0. The Bardeen potential gets the following form:
(48) The potential, as mentioned before, depends on the scale. For scales inside the horizon, i.e. kτ ≫ 1, the potential is reduced to
that is oscillatory with a decaying amplitude. For superhorizon scales (kη ≪ 1), the potential becomes constant. Finally, the gravitational energy density becomes
Fig . 2 illustrates the behavior of the gravitational energy density and the Bardeen potential in radiation dominated epoch for various scales. At small scales, the gravitational energy and the Bardeen potential oscillate with decaying amplitude. At large scales, while the gravitational energy decays fast, the Bardeen potential tends to a constant value.
C. Radiation and matter
In the real universe there is no single component fluid. To be more realistic, it is convenient to consider radiation and non-relativistic matter at the same time. Here we assume matter and radiation non-interacting, therefore the conservation equation for each fluid in the background leads to:
The expansion is different in radiation and matter components. However, there is an equivalence epoch where the energy of matter and radiation are comparable, therefore we can define t eq as the time when ρ m = ρ r and use the scale factor as:
where radiation-matter equality occurs at y = 1. The Friedmann equation results in the following scale factor
where d = ρr,0 12
aeq . The comoving Hubble expansion rate can be recast as follows where H eq = H(y = 1). We assumed that there is no interaction between two components, however they affect each other gravitationally. Therefore, ignoring collision terms, covariant energy-momentum tensor conservation is valid for each components. For linear perturbations, the conservation equation results in the quantities:
where δ i and v i are the energy contrast and the velocity perturbation for the component i. Using Eqs. (56)- (59), the evolution equations of δ m (y) and δ r (y) can be written in term of scale factor y in Fourier space, where
The right hand side of Eq. (28) contains the total energy density perturbation, therefore we have:
The initial conditions are adiabatic, on super-Hubble scales and in radiation dominated epoch; in other words y ≪ 1 and k → 0. At this time, the potential Φ is time independent and δ r = −2Φ,
′ . Having the initial condition, it is straightforward to solve Eqs. (60), (61) and (62), numerically. Fig. 3 describes the evolution of the potential and gravitational energy density for modes that enter the horizon at various epochs.
D. Inflation driven by scalar fields
Inflation not only provides convenient initial conditions for big bang cosmology, but also provide the seeds for structure formation. Quantum fluctuations, exiting the horizon, became classical and are stretched due to exponential expansion. The simplest dynamical candidate for describing inflation is achieved by a canonical scalar field. Although the observations are in agreement with a single scalar field description of inflation, the energy scales of inflation is beyond the standard model of particle physics. Theories formulated at these energy scales, in general, contain several degrees of freedom that can be dealt under the standard of multiple scalar fields. In this section, we consider inflation driven by N canonical scalar fields {φ i }, where i = 1, 2, 3, · · · , N , minimally coupled to gravity. The dynamics of background universe is described by:
where V (φ i ) is a general potential and V ,i := ∂V /∂φ i . The field equations in linear perturbation regime become
The Poisson equation can also be written as follows:
Also the 0i-component of Einstein equation results in
For a given potential V (φ i ), one can solve Eqs. (65) and (66) to obtain the evolution of Φ and consequently the gravitational energy density δρ g = −δt 0 0 , numerically. Fig. 4 Illustrates the gravitational energy density for a single scalar field model. We use Eqs. (67) and (68) as constraint equations for initial values. For multi-field inflation we have Considering slow-roll regime we can also solve the equations analytically. The background Eqs. (63) and (64) for multi-field inflation are reduced to
We can also write the potential Φ as follows:
Then, the energy density becomes
The energy density in slow-roll regime is proportional to perturbation in potential V (φ i ). The first order perturbations in matter energy-momentum tensor lead to:
The total energy therefore gets the following form:
Eq. (65) on super-horizon k ≪ Ha can be written as:
For a given potential, one can solve the Eqs. (72) and (76) to obtain Φ and δφ i . Considering the sum-separable potential V (φ i ) = j U j (φ j ), the Bardeen potential and scalar field perturbations are [36] :
where C 1 and d i are integration constants. Being the fields perturbations in slow-roll regime, the constants C 1 and d j can be calculated from Eq. (78). Finally, the energy density becomes
As an example, let us consider a simple two-field model with potential
This model is known as double inflation for m φ ≪ m χ [37] . In slowroll regime, the Bardeen potential and the scalar field perturbations, adopting the Newtonian gauge, get the following form
The terms with C 1 (k) and C 3 (k) correspond to the growing adiabatic and isocurvature modes of solution. Considering scalar fields at the horizon crossing, one can write the coefficients C 1 and C 3 . Finally, the gravitational energy reads:
where the contribution of the single scalar fields is evident.
E. Cosmological constant dominated epoch
In Λ-dominated epoch, the scale factor reads as
where the Hubble parameter H is constant. Here, the energy density of cosmological constant is obviously constant, i.e. δρ Λ = 0 = δp Λ . We consider cosmological constant in the presence of non-relativistic matter. Then the perturbations in matter may be important. Eq. (30) in Λ-dominated epoch becomes:
The solution is
Finally, the gravitational energy density becomes
Notice that τ ∝ e −Ht , therefore, the energy decays exponentially. To be more precise, we have to consider the energy density of non-relativistic matter. From the Friedmann equation, we get the Hubble parameter,
where z is the redshift. According to observations, we can assume Ω m = 0.27 and Ω Λ = 0.73 the ratios of non-relativistic matter and cosmological constant energy density to the critical energy density at present epoch, respectively. We have ignored the energy density of radiation. Eq. (30) is still valid in this case,
one can define the suppression factor g(z) as follows 
IV. CONCLUSIONS
In present paper, we have explored the issue of gravitational energy localization of the universe in context of GR and TEGR. Considering fa lat FRW spacetime, we have applied different energy complexes assuming the prescriptions by Einstein, Møller, Landau-Lifshitz and Bergmann. We found that the energy complexes vanish at background level. This result coincides with those in previous works where the Einstein and Landau-Lifshitz prescriptions have been used [14] [15] [16] [17] . Then we evaluated the gravitational energy of FRW spacetime considering cosmological linear perturbations. We found that the gravitational energy in all the prescriptions considered of this work are identical and proportional to the matterenergy density in comoving gauge. Finally, we obtained the gravitational energy for the universe filled with nonrelativistic matter, radiation, inflationary multiple scalar fields and cosmological constant. In a forthcoming paper, considering results in [26, 27] , the same approach will be adopted in the framework of modified gravity. The aim is to discriminate among different modified theories of gravity considering cosmological EMC compared with observations.
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